An analysis is presented for mixed convection and heat transfer in a viscous electrically conducting fluid flow at an impermeable stretching vertical sheet with variable thickness. The nonlinear equations that describe the fluid flow, and heat transfer processes have been solved using the Keller-box method. A limited parametric study is undertaken to determine the sensitivity and changes in the flow and temperature fields with respect to variations in the buoyancy parameter, the temperature dependent viscosity and thermal conductivity parameters, the plate velocity power index, and the Prandtl number which are presented in graphical and tabulated formats. To validate the results, comparisons are made with the available results in the literature for some special cases and the results are found to be in good agreement. The effects of embedded parameters on the dimensionless velocity profiles and temperature are examined through graphs. The variation of Local Nusselt number is also analysed. One of the important findings of our study is that the velocity distribution at a point near the plate decreases as the wall thickness parameter increases and hence the thickness of the boundary layer becomes thinner when m < 1. Further, the effect of the magnetic field is to reduce the fluid velocity and to increase the temperature field.
Introduction
The study of magneto hydrodynamic (MHD) flow and heat transfer has attracted numerous researchers due to its application to many technological and industrial processes, such as magnetic materials processing, purification of crude oil, magneto hydrodynamic electrical power generation, glass manufacturing, geophysics, and paper production, etc. Pavlov [1] used boundary-layer approximation theory to solve the problem of the flow of an electrically conducting fluid caused by a stretching elastic surface in the presence of a uniform magnetic field. Chakrabarti and Gupta [2] extended the work of Pavlov [1] and studied the flow evolution and heat transfer characteristics in flow over a stretching sheet with uniform suction. Applications of these results can be found in polymer technology and metallurgy. Watanabe [3] studied the characteristics of MHD boundary layer flow past a flat plate with a pressure gradient. Andersson [4] extended the work of Chakrabarti and Gupta [2] to a power law fluid while Chiam [5] obtained an accurate expression for the skin friction coefficient using Crocco's transformation for a power-law velocity distribution in a conducting fluid. Chamkha [6] considered the problem of hydro-magnetic three-dimensional free convection flow on a vertical porous stretching surface. Abel et al. [7] investigated the effect of a magnetic field on a non-Newtonian fluid flow and obtained solutions for different profiles and their asymptotic limits for large and small Prandtl numbers. Recently, Sheikholeslami et al [8] used a semi analytical method to obtain solutions for nanofluid flow and heat transfer between parallel plates subject to a time-dependent magnetic field. Watanabe [3] presented a theoretical study that sought to describe the behavior of an electrically conducting fluid past a semi-infinite flat plate subject to a transverse magnetic field. In many practical situations, the material moves in a quiescent fluid with the fluid flow induced by the motion of the solid material and by the thermal buoyancy. Therefore the resulting flow and the thermal fields are determined by these two mechanisms. It is well known that the buoyancy force stemming from the heating or cooling of the continuous stretching sheet alter the flow and the thermal fields and thereby heat transfer characteristics of the manufacturing processes. However, the significance and impact of the buoyancy force were not assessed in the studies reviewed above. Furthermore, the study of convection heat transfer around or past a sphere, a cone, and a wedge has practical applications. The heat flow around these objects has applications in fields that include spacecraft design and nuclear reactors, Ostrach [9] studied free-convection flow about a flat plate and obtained theoretical and experimental results for velocity and temperature distributions. (See for details Kothandaraman and Subramanyan [10] ). A study of mixed convection along a moving surface was carried out by Moutsoglou and Chen [11] . Mixed convection heat transfer at a stretching sheet with variable temperature was investigated by Vajravelu [12] . Ishak et al. [13] analyzed the hydromagnetic effects to mixed convection flow near a vertical stretching sheet. Some relevant studies in this area have been reported by researchers including Ali and AlYouself [14] , Nandkeolyar et al. [15] , Mastroberardino [16] , Srinivasacharya and Ram Reddy [17] .
Renewed interest in the stretching sheet problem was sparked by a realization that some physical problems may be better modeled by a nonlinearly stretching sheet. Researchers who have reported the behaviour of fluid flow due to a nonlinear stretching sheet are Chaim [6] , Prasad et al. [18] , Ahmad et al. [19] , Akyildiz et al. [20] and Kameswaran et al. [21] . Variable thickness of the sheet is useful in the mechanical, civil, marine and aeronautical structures and designs. The use of variable thickness helps to reduce the weight of structural elements and improve the utilization of the material. Sheets with variable thickness are often used in machine design, architecture, nuclear reactor technology, naval structures and acoustical components. With these industrial applications in mind, Lee [22] introduced the idea of variable thickness in theoretical studies. Fang et al. [23] studied the behaviour of boundary layer flow over a stretching sheet with variable thickness and explained the significant effects of the non-flatness of the sheet on the velocity and shear stress profiles by considering a special type of non-linear stretching u w (x) = U 0 (x + b) m for different values of m being b and U 0 constants. Khader et al. [24] extended the work of Fang et al. [23] and obtained the numerical solution for the slip velocity effect. Recently, Prasad et al. [25] and Vajravelu et al. [26] , focused on heat transfer characteristics of fluid flow over a stretching sheet with variable thickness and power law velocity in the presence of a variable magnetic field.
Most of the studies above restricted their analysis to the hydromagnetic flow and heat transfer over a horizontal or a vertical plate and assumed the thermo-physical properties of the ambient fluid to be constant. However, it is known that these physical properties may change with temperature, especially the fluid viscosity and fluid thermal conductivity (Prasad et al. [18] , Vajravelu et al. [27] , Prasad et al. [28] , and Hassanien [29] ). For lubricating fluids, heat generated by internal friction and the corresponding rise in the temperature affects the physical properties of the fluid, and the properties of the fluid can no longer be assumed to be constant. The increase in temperature leads to an increase in the transport processes including heat transfer at the wall. Therefore, to predict the flow and heat transfer rates, it is necessary to take into account the variable fluid properties. From the literature, we find no evidence of previous studies on the combined effects of variable fluid properties and mixed convection in flow over a slender stretching sheet with variable thickness.
The problem studied here extends the work of Prasad et al. [18] to the mixed convection flow with variable thickness. The coupled non-linear partial differential equations modeling the flow problem have been transformed to a system of coupled non-linear ordinary differential equations. These equations have been solved numerically using the Keller-box method, which is essentially a second order finite difference method. Computed numerical results for the flow and heat transfer characteristics are found to be in good agreement with experimental results in the literature (Fang et al. [23] and Khader et al. [24] . It is expected that the obtained results will not only provide useful information for industrial applications but would also serve to compliment and validate previous works.
Mathematical formulation
Consider a mixed convection boundary layer flow of a viscous incompressible electrically conducting fluid in the presence of a transverse magnetic field B(x) past an impermeable stretching vertical heated sheet with variable thickness. The origin is located at the slit, through which the sheet (see Fig. 1 ) is drawn in the fluid.
Two equal and opposite forces are applied impulsively along the x-axis so that the sheet is stretched, keeping the origin fixed. The stationary coordinate system has its origin located at the center of the sheet with the xaxis extending along the sheet, while the y-axis is measured normal to the surface of the sheet and is positive in the direction of the sheet to the fluid. We assume that the wall is impermeable (V w = 0) and that the sheet is stretched with a velocity U w (x) = U 0 (x + b) m where U 0 is constant, b is a physical parameter related to stretching sheet and m is the velocity exponent parameter. The sheet is not flat and its thickness is defined by y = A(x + b) (1−m)/2 , where the coefficient A is small so that the sheet is sufficiently thin, to avoid pressure gradient along the sheet (∂ p/∂ x = 0). For different applications, due to the acceleration or deceleration of the sheet, the thickness of the stretched sheet may decrease or increase with distance from the slot, which is dependent on the value of the velocity power index, m., and m = 1 represents a sheet of uniform thickness. For m = 1, the sheet is flat. The magnetic Reynolds number is assumed to be small so that the induced magnetic field is negligible. The viscous dissipation and Ohmic heating terms are not included in the energy equation since they are generally small. Under these assumptions and invoking the Boussinesq and boundary layer approximations, the governing equations for mass, momentum and energy for the model in the presence of temperature dependent fluid properties are (for details see Fang et al. [23] and Vajravelu [12] )
where u and v are the fluid velocity components in the stream wise and cross-stream directions, respectively. The suffix denotes partial differentiation with respect to the independent variables, ρ ∞ is the constant fluid density, g is the acceleration due to gravity, β is the coefficient of thermal expansion, µ is the coefficient of viscosity which varies as an inverse function of temperature (for details see Vajravelu et al. [27] and Prasad et al. [28] ) and is as follows:
, i.e., 1
where a =
Here both a and T r are constants whose values depend on both the reference state and the thermal properties of the fluid. In general, a > 0 corresponds to a liquid and a < 0 for gasses T is the temperature; T ∞ and µ ∞ are the constant ambient temperature and coefficient of viscosity respectively far from the sheet. The second term on the right hand side of Eq. (1) represents the influence of thermal buoyancy force on the flow field, with "+" and "−" sign referring to the buoyancy assisting and buoyancy opposing flow region, respectively. Fig. 1 provides the necessary information for such a flow field for a stretching vertical heated sheet with the upper half of the flow field being assisted and the lower half of the flow field being opposed by the buoyancy force. Also, σ is the electrical conductivity, B 2 0 (x) = B 2 0 (x + b) m−1 is the magnetic field. This form of B 2 0 (x) has also been considered by several researchers when studying MHD flow problems (see Chaim [6] and Prasad et al. [18] ) over a moving or fixed flat plate. C p is the specific heat at constant pressure and k(T ) is the temperature-dependent thermal conductivity. We consider the temperature dependent thermal conductivity in the form (see Vajravelu et al. [27] and Prasad et al. [28] )
where ∆T = (T w − T ∞ = C l (x + b) r , T w is the sheet temperature, C is a constant, l is the characteristic length, ε is the thermal conductivity parameter and k ∞ is thermal conductivity of the fluid away from the sheet, r is a wall temperature parameter (when r > 0, heat flows from the stretching sheet into the ambient medium and, when r < 0, the temperature gradient is positive and heat flows into the stretching sheet from the ambient medium). Substituting Eqs. (3) and (4) into Eqs. (1) and (2), we obtain
The appropriate boundary conditions for the problem are
Now we transform the system of Eqs. (2.1)-(2.3) into a dimensionless form. To this end, let the dimensionless similarity variable be
the stream function ψ(x, y), and the dimensionless temperature distribution θ (η) be
Using Eq. (9), the velocity components can be written as
Here the prime denotes differentiation with respect to . In the present work, it is assumed m > −1 for the validity of the similarity variable. Using Eqs. (8)- (10) and Eqs. (5), (6) and (7), now reduce to
The non-dimensional parameters θ r , Mn, λ and Pr are respectively, the fluid viscosity parameter, magnetic parameter, buoyancy or mixed convection parameter, the Prandtl number. These parameters are defined
The mixed convection parameter λ is independent of x if r = 2m − 1. Thus, the similarity solutions are obtained under this limitation when λ == 0. We note that when r = 2m − 1, λ is a constant, with λ > 0 and λ < 0 corresponding to assisting flow and opposing flow, respectively, while λ = 0, i.e., (T w = T ∞ ) represents the case when the buoyancy force is absent (that is, pure forced convection flow). On other hand, if λ is of a significantly greater order of magnitude than unity, the buoyancy forces will be dominant and the flow will essentially be free convective. Hence, mixed convective flow exists when λ = O(1). Under the limitation r = 2m − 1, Eq. (11) becomes
and the corresponding boundary conditions are (m = == 1)
The value of θ r is determined by the viscosity of the fluid and the operating temperature difference. If θ r is large then (T ∞ − T w ) is small and the effects of variable viscosity can be neglected. On other hand, for smaller values of θ r , the fluid viscosity changes markedly with temperature. Also, bearing in mind that the liquid viscosity varies differently with temperature compared to a gas, it is important to note that θ r is negative for liquids and positive for gasses. Further, the viscosity of a fluid usually decreases with an increase in the
is the wall thickness parameter and η = α = A m+1 2
indicates the plate surface. In order to facilitate simulations, we define f (ξ ) = f (η − α) and θ (ξ ) = θ (η − α). The similarity equations become
and the corresponding boundary conditions are (m = 1)
where the prime denotes the differentiation with respect to ξ . Based on the variable transformation, the solution domain is fixed from 0 to ∞. The shear stress and wall temperature gradient respectively become f (α) = f (0) and θ (α) = θ (0). For practical purposes, the important physical quantities of interest are the local skin friction C f x and the local Nusselt number Nu x , defined as:
where
is the local Reynolds number.
Exact Solutions for the some special cases
Here we present some exact solutions for certain special cases. Such solutions are useful and serve as a baseline for comparison with the solutions obtained via other numerical / analytical schemes. In the case of constant fluid properties, the absence of a magnetic field and in the presence of buoyancy parameter with flat plate (m = 1, b = 0), Eqs. (12) and (13) reduce to those of Vajravelu [12] ; while in the absence of variable fluid properties ,buoyancy parameter and magnetic parameter, Eq. (12) reduce to those of Fang et al. [23] . 
. Since the system of equations (12) and (13) with conditions (14) has no exact analytic solution they are solved numerically via a second order finite difference scheme.
Numerical procedure
Eqs. (12) and (13) are highly non-linear, coupled ordinary differential equations of third-order in f (ξ ), second-order θ (ξ ) respectively. The system of equations subject to the boundary conditions (14) was solved numerically by an efficient finite difference scheme, namely the Keller-Box method (for details see Keller [30] , Vajravelu and Prasad [31] ). The numerical solutions are obtained in the following four steps:
• Reduce equations (12) and (13) to a system of first-order equations.
• Write the difference equations using central differences.
• Linearize the algebraic equations by Newton's method, and write them in matrix-vector form.
• Solve the linear system by the block tri-diagonal elimination technique.
For numerical calculations, a uniform step size of ∆η = 0.01 is found to be satisfactory and the solutions are obtained with an error tolerance of 10 −6 . In order to validate the method used in this study and to judge the accuracy of the present analysis, comparison of the skin friction and the wall temperature gradient are made with the previously published results of Fang et al. [23] , Khader and Megahed [24] for several special cases in which some thermo physical fluid properties are neglected. The results are found to be in excellent agreement and are shown in Tables 1 and 2 .
Results and discussion
In order to get a clear insight of the physical problem, numerical computations have been carried out using the Keller-box method for different values of pertinent parameters such as the fluid viscosity parameter θ r , the mixed convection parameter λ , the thermal conductivity parameter ε, the velocity power index parameter m, and the Prandtl number Pr. Analytical solutions have been obtained for the special case when θ r → ∞, m = 1, λ = 0, and Mn = 0. We present the numerical results graphically for the horizontal velocity profile f with ξ and the temperature profile θ with ξ for different parameter values in Figs. 2 − 3. We observe that both f and θ decrease asymptotically to zero with the distance from the boundary. The computed numerical values for the skin friction f (0) and the wall temperature gradient θ (0) are given in Table 3 . Figs. 2(a) -2(b) give a qualitative representation of the horizontal velocity f for increasing values of α. Fig.  2(a) depicts the effect of λ on f . The presence of thermal buoyancy effects is indicated by a finite value of λ (λ = 0). It is observed that an increase in the value of λ leads to an increase in f . Physically λ > 0 implies heating of the fluid or cooling of the surface, λ < 0 suggests cooling of the fluid or heating of the surface, and λ = 0 corresponds to the absence of the mixed convection. An increase in λ means an increase in the temperature difference (T w − T ∞ ) which leads to an enhancement in f due to the enhanced convection, and thus an increase in the momentum boundary layer thickness. Fig. 2(b) represents the effect of increasing θ r on the velocity f . The velocity decreases with increasing θ r and as θ r → 0 the momentum boundary layer thickness decreases. The velocity distribution is linear in shape for higher values of α. This is due to the fact that for a given fluid, when θ r is smaller, higher is the temperature difference between the wall and the ambient fluid. The results clearly demonstrates that θ r is the indicator of the variable fluid viscosity with temperature which has a substantial effect on the velocity component f and hence on the skin friction. The effect of α on f for zero and non zero values of m is demonstrated in Fig. 2(c) . It shows that the velocity profile decreases with an increase in the value of α, this shows that the momentum boundary layer thickness becomes thinner as α increases. This phenomenon is even true for zero and negative value of m. The effect of m is to enhance the velocity profile which in turn increases the boundary layer thickness. Fig. 2(d) explains the effect of α on f for different values of Mn. It is obvious that the presence of a magnetic field presents a higher constraint to the fluid flow, which reduces the fluid velocity and hence induces an increase in the absolute value of the velocity gradient at the surface. The magnetic field opposes the transport phenomena. This is due to the fact that with the increasing value of Mn, the Lorentz force associated with the magnetic field increases and it produces more resistance to the transport phenomena. The comparison of Fig. 2(c) and Fig. 2(d) reveals the significant effect of m (for m < 0, m = 0 and m > 0) on flow pattern. For negative values of m, the sheet is shrinking along the axis and if this is prominent then the fluid moves from upward region to downward region and further to its original upward region. This momentum transfer accelerates the fluid particle at the downward region. This significant change in the velocity can also be seen for positive values of m, the stretching sheet case. This trend is true for the temperature distribution also. In Figs. 3(a)-3 (e) the numerical results for the temperature distribution θ for several sets of values of the governing parameters are presented. Fig. 3(a) illustrates the effect of λ on θ for increasing values of α. With the increase in λ , temperature field is suppressed and consequently thermal boundary layer thickness becomes thinner and as a result rate of heat transfer from the plate increases, this is due to buoyancy force. Fig. 3(b) elucidates the effect of θ r on θ for different values of α. From the graphical representation, we see that the effect of increasing value of θ r is to enhance the temperature. This is because of the fact that an increase in θ r results in an increase in the thermal boundary layer thickness. Fig. 3(c) exhibits the nature of temperature field for the variation of α for different values of m. Increase in α is to reduce the temperature distribution and thermal boundary layer becomes thinner for higher values of α. Fig. 3(d) exhibits the effect of α on θ for increasing values of Mn. As α increases the temperature profile increases. This can be observed even for the increasing values of Mn. As explained above, the transverse magnetic field gives rise to a resistive Lorentz force in the electrically conducting fluid. The fluid experiences a resistance due to increasing friction between its layers and thus increases the fluid temperature. The effect of Pr on θ is exhibited in Fig. 3 (e) for zero and nonzero values of ε. Temperature is found to decrease with increasing Pr. An increase in the Pr reduces the thermal boundary layer thickness. Pr signifies the ratio of momentum diffusivity to thermal diffusivity. Fluids with lower Pr possess higher thermal conductivities and thicker thermal boundary layer structures so that heat can diffuse from the wall faster than higher Pr fluids thinner boundary layers. It can be observed from the profiles that, there is a prominent fall in the curve for Pr = 10 when compared to Pr = 1.0 which is in clear agreement with experimental results that thermal boundary layer thickness decreases with an increase of Prandtl number (Chen [33] , Ali [34] ). Hence, Pr can control the rate of cooling in conducting flows. Further it is quite evident from the graph that the fluid temperature is found to increase with increasing values of ε which leads to a fall in the rate of heat transfer from the flow to the surface. This is due to the fact that the assumption of temperature dependent thermal conductivity suggests the reduction in the magnitude of the transverse velocity by a quantity ∂ k(T )/∂ y which can be located in Eq. (6) . Therefore, the rate of cooling is much faster for the coolant material having small thermal conductivity parameter. The effects of the physical parameters on the skin friction f (0) and the wall-temperature gradient θ (0) are tabulated in Table 3 . It is observed that for an increasing values of λ there is an increase in f (0) whereas decrease in θ (0) and exactly opposite in the case of θ r . It is also noticed that the effect of m and Mn is to decrease in both f (0) and θ (0). Increasing Pr decreases θ (0) and is reverse for increasing values of ε. Further, it is interesting to notice that for shrinking sheet case, there is a decrease in both f (0) and θ (0) for increasing values of α, where as an opposite trend is observed for stretching sheet case. The numerical results indicate that the effect of increasing the mixed convection parameter is to increase the momentum boundary layer thickness whereas to decreases the thermal boundary layer thickness. Meanwhile, the dimensionless velocity distribution at a point near the plate decreases as the wall thickness parameter increases and hence the thickness of the boundary layer becomes thinner when m < 1. Further, the effect of the magnetic field is to reduce the fluid velocity and to increase the temperature field. The rate of heat transfer increases with increasing magnetic parameter and the Prandtl numbers. Hence, the effect of Prandtl number is to decrease the thermal boundary layer thickness and the wall-temperature gradient. In addition to this, the effect of the variable thermal conductivity parameter is to enhance the temperature field. T h i s p a g e i s i n t e n t i o n a l l y l e f t b l a n k ©UP4 Sciences. All rights reserved.
